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Abstract

We investigate convergence in a weighted LN norm of Hermite–Fejér, Hermite, and

Grünwald interpolations at zeros of orthogonal polynomials with respect to exponential

weights such as Freud, Erd +os, and exponential weight on ð�1; 1Þ: Convergence of product

integration rules induced by the various approximation processes is deduced. We also give

more precise weight conditions for convergence of interpolations with respect to above three

types of weights, respectively.
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1. Introduction

For a function f : ða; bÞ-R;�NpaobpN and a set

wn :¼ fx1n; x2n;y; xnng; nX1

of pairwise distinct nodes let Hn½wn; f � and Ĥn½wn; f � denote the Hermite–Fejér and
Hermite interpolation polynomials of degree p2n � 1 to f with respect to wn: For the
case of Hermite interpolation, we will always assume that f is differentiable so that

Ĥn½wn; f � is well defined. In fact, Hn½wn; f � and Ĥn½wn; f � are the unique polynomials of
degree p2n � 1 satisfying:

Hn½wn; f �ðxjnÞ ¼ f ðxjnÞ;
H 0

n½wn; f �ðxjnÞ ¼ 0;

(
Ĥn½wn; f �ðxjnÞ ¼ f ðxjnÞ;
Ĥ0

n½wn; f �ðxjnÞ ¼ f 0ðxjnÞ

(
ð1:1Þ

for j ¼ 1; 2;y; n:
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Here, we are interested in LN convergence of Hermite–Fejér and Hermite
interpolations with respect to wn whose elements are the zeros of a sequence of
orthogonal polynomials. More precisely, in this paper we consider wðxÞ :¼
expð�QðxÞÞ; where Q : I-R is even, continuous, and of at least polynomial growth
at the end of interval I and I is either ð�1; 1Þ or R: Then wn consists of the zeros

fxj;nðw2Þgn
j¼1 of the nth orthonormal polynomial pnðw2; xÞ

pnðw2; xÞ ¼ gnðw2Þxn þ lower degree terms ðgnðdaÞ40Þ

with respect to w2; defined by the conditionZ
I

pnðw2; xÞpmðw2; xÞw2ðxÞ ¼ dmn; m; n ¼ 0; 1; 2;y :

Then all fxj;nðw2Þgn
j¼1 belongs to I ; which we arrange as

xn;nðw2Þoxn�1;nðw2Þo?ox2;nðw2Þox1;nðw2Þ:

Let Hn½w2; �� and Ĥn½w2; �� be the Hermite–Fejér and Hermite interpolation operators

with respect to the zeros fxj;nðw2Þgn
j¼1 of pnðw2; xÞ: Then by (1.1), we have, (cf. [16, p.

330])

Hn½w2; f �ðxÞ ¼ Hn1½w2; f �ðxÞ þ Hn2½w2; f �ðxÞ; ð1:2Þ
where

Hn1½w2; f �ðxÞ :¼
Xn

k¼1

f ðxknÞl2knðxÞ;

Hn2½w2; f �ðxÞ :¼
Xn

k¼1

�p00
nðxknÞ

p0
nðxknÞ

ðx � xknÞf ðxknÞl2knðxÞ

and

Ĥn½w2; f �ðxÞ ¼ Hn½w2; f �ðxÞ þ Hn3½w2; f 0�ðxÞ; ð1:3Þ
where

Hn3½w2; f 0�ðxÞ :¼
Xn

k¼1

f 0ðxknÞðx � xknÞl2knðxÞ:

Here, lknðxÞ is the fundamental Lagrange interpolation polynomial [6, p. 23], given
by

lknðw2;xÞ :¼ pnðw2; xÞ
p0

nðw2; xknÞðx � xknÞ
; k ¼ 1; 2;y; n:

Hn1½w2; �� is the so-called Grünwald operator, which is positive, that is,

Hn1½w2; f �ðxÞX0 in I when fX0 in I :
Our main concern is the following problem: Under what conditions on weight

functions w1ðxÞ and w2ðxÞ will the relation

lim
n-N

jjðf ðxÞ � Hn½w2; f �ðxÞÞw1ðxÞjjLNðIÞ ¼ 0 ð1:4Þ
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hold for all continuous functions f satisfying limjxj-N or 1 jfw2ðxÞj ¼ 0? Lubinsky

[11] proved (1.4) in case

w1ðxÞ ¼
w2

ð1 þ Q0ðxÞÞað1 þ jxjÞ; w2ðxÞ ¼ w2ð1 þ Q0ðxÞÞbð1 þ jxjÞ2

and wðxÞ is a Freud weight or an Erd +os weight. Recently, Szabados [15] has proved
(1.4) in case

w1ðxÞ ¼
w2

ð1 þ jxjÞ1=3
; w2ðxÞ ¼ w2ð1 þ Q0ðxÞÞ

and wðxÞ is a Freud weight. In this paper, we will extend Szabados’ result to a class
of Freud, Erd +os, and exponential weights on ð�1; 1Þ; and we also find more precise
weight conditions for these three types of weights. Lp ð0opoNÞ convergence of

Hermite–Fejér and Hermite interpolations, are handled in [3,7] for Freud and Erd +os
weights.

Once we have the convergence of interpolations, we can consider the convergence
of the associated product quadrature rules, involving approximation of

I ½k; f � :¼
Z

I

kðxÞf ðxÞ dx

by quadrature rules

In½k; f � :¼
Xn

j¼1

wjnðkÞf ðxjnÞ;

where the weights fwjnðkÞg are usually determined by integration of some

approximation to f : Here, the kernel kðxÞ is typically the difficult component of
the integrand kðxÞf ðxÞ; with known types of singularities or oscillatory behavior and
usually f has smooth behavior. The product quadrature treated in this paper, is to
approximate I ½k; f � by

In½k; f � :¼
Z

I

kðxÞHn½w2; f � dx ¼
Xn

j¼1

f ðxjnÞ
Z

I

kðxÞhjnðxÞ dx

� �
; ð1:5Þ

where

hjnðxÞ :¼ 1 � p00
nðxjnÞ

p0
nðxjnÞ

ðx � xjnÞ
� �

l2jnðxÞ:

Analogous rules generated by Ĥn and Hn1 are

În½k; f � :¼
Z

I

kðxÞĤn½w2; f � dx and

Jn½k; f � :¼
Z

I

kðxÞHn1½w2; f � dx: ð1:6Þ

We shall prove these product quadratures converge to I ½k; f � under mild conditions
on f ðxÞ and kðxÞ:
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This paper is organized as follows. In Section 2, we introduce our admissible
class of weights and state main results. In Section 3, we present some technical
estimates. In Section 4, we prove the results of Section 2. Finally, in Section 5,
we give more precise weight conditions for Freud, Erd +os, and exponential weights on
ð�1; 1Þ:

2. Main results

We first introduce some notations, which we use in the following. For any two se-
quences fbngn and fcngn of non-zero real numbers (or functions), we write bntcn; if
there exists a constant C40; independent of n(and x) such that bnpCcn for n large
enough and write bnBcn if bntcn and cntbn: We denote by Pn the space of
polynomials of degree at most n: Let Iþ be either ð0;NÞ if I ¼ R or ð0; 1Þ if I ¼
ð�1; 1Þ:

We now introduce an admissible class of weights.

Definition 2.1. Let wQ ¼ expð�QÞ where QðxÞ : I-R is even, continuous, and

(a) Q00ðxÞ is continuous in Iþ and Q00ðxÞ; Q0ðxÞX0 in Iþ;
(b) the function

TðxÞ :¼ 1 þ xQ00ðxÞ
Q0ðxÞ ; xAIþ

satisfies for large enough x or x close enough to 71

TðxÞBxQ0ðxÞ
QðxÞ : ð2:1Þ

Moreover, T satisfies either
(b1) There exist A41 and B41 such that

ApTðxÞpB; xARþ :

(b2) T is increasing in Iþ with limx-0þ TðxÞ41: If I ¼ R;

lim
jxj-N

TðxÞ ¼ N

and if I ¼ ð�1; 1Þ; for x close enough to 71 and some A42;

TðxÞX A

1 � x2
:

Then wðxÞ shall be called an admissible weight and we shall write wAA:
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We let au; for u40; be the uth Mhaskar–Rahmanov–Saff number, which is the
unique positive root of the equation

u ¼ 2

p

Z 1

0

autQ0ðautÞ dt=
ffiffiffiffiffiffiffiffiffiffiffiffi
1 � t2

p
: ð2:2Þ

Then, au is increasing with u: The importance of an lies in the identity

jjPwjjLN½I � ¼ jjPwjjLN½�an;an�

for any polynomial PAPn: We define some auxiliary quantities which we will need in
the sequel. See [8–10]. Set

dn :¼ ðnTðanÞÞ�2=3; nX1; ð2:3Þ

which are useful in describing the behavior of pnðw2; xÞ near x1n: For example, for
wAA

jx1n=an � 1jpL

2
dn;

where L is a positive constant independent of n: We also need the sequence of
functions

CnðxÞ :¼
maxf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � jxj

an
þ Ldn

q
; 1

TðanÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�jxj

an
þLdn

q g; jxjpan;

CnðanÞ; jxjXan;

8><
>: ð2:4Þ

which are useful in describing the spacing of zeros of pnðw2; xÞ and Christoffel
functions.

The followings are our main results.

Theorem 2.2. Let wAA: Let uðxÞ and v�1ðxÞ be even functions that are non-decreasing

on I-ð0;NÞ and for some L40;

An :¼ jjðj1 � jxj=anj þ LdnÞ�1=2
vðxÞjjLNðIÞ

� jjsnðxÞu�1ðxÞjjLNðjxjpanð1þLdnÞÞ
an log n

n
;

where

snðxÞ :¼ Q0ðxÞCnðxÞj1 � jxj=an þ Ldnj1=2:
Then for a continuous function f : I-R and large enough nX1;

(a) jjHn1½w2; f �ðxÞw2jjLNðIÞtjjfw2jjLNðIÞ: ð2:5Þ

(b) jjHn2½w2; f �ðxÞw2vðxÞjjLNðIÞtAnjjfw2ujjLNðIÞ: ð2:6Þ

(c) jjHn½w2; f �ðxÞw2vðxÞjjLNðIÞtðAn þ 1Þjjfw2ujjLNðIÞ: ð2:7Þ
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(d) If we let

Bn :¼ jjðj1 � jxj=anj þ LdnÞ�1=2
vðxÞjjLNðIÞ

an log n

n

then

jjHn3½w2; f 0�ðxÞw2vðxÞjjLNðIÞtBnjjf 0w2jjLNðIÞ: ð2:8Þ

(e) jjĤn½w2; f �ðxÞw2vðxÞjjLNðIÞtðAn þ 1Þjjfw2ujjLNðIÞ þ Bnjjf 0w2jjLNðIÞ: ð2:9Þ

Now, we can extend Szabados’ results using Theorem 2.2.

Theorem 2.3. Let wAA; uðxÞ :¼ jQ0ðxÞj þ 1; and vðxÞ :¼ ðjxj þ 1Þ�1=3:

(a) For a continuous function f on I satisfying

lim
jxj-N or 1

jf ðxÞw2ðxÞj ¼ 0; ð2:10Þ

lim
n-N

jjðf ðxÞ � Hn1½w2; f �ðxÞÞw2jjLNðIÞ ¼ 0:

(b) For a continuous function f on I satisfying

lim
jxj-N or 1

jf ðxÞw2ðxÞuðxÞj ¼ 0; ð2:11Þ

lim
n-N

jjðf ðxÞ � Hn½w2; f �ðxÞÞw2vðxÞjjLNðIÞ ¼ 0:

(c) For a continuous function f on I satisfying (2.11) and jjf 0w2jjLNðIÞoN;
lim

n-N

jjðf ðxÞ � Ĥn½w2; f �ðxÞÞw2vðxÞjjLNðIÞ ¼ 0:

Theorem 2.4. Let wAA and

Kr;n;pðf ;W ; trÞ :¼ inf
PAPn

fjjðf � PÞW jjLpðIÞ þ trjjPðrÞFr
tW jjLpðIÞg;

where FtðxÞ :¼ j1 � jxj=sðtÞj1=2 þ T�1=2ðsðtÞÞ and sðtÞ :¼ inffau : au=uptg: Then for

any continuous function f on I and xAI ; we have

jðHn½w2; f �ðxÞ � f ðxÞÞw2ðxÞj

tK1;2n�1;N f ;w2;
an

n

� �

� 1 þ ðj1 � jxj=anj þ LdnÞ�1=2 log n
F�1

an

n

ðxÞ; jxjpa2n

T1=2ðanÞ; jxjXa2n

8<
:

0
@

1
A:
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For the product integration rules In; În; and Jn defined by (1.5) and (1.6), we can
prove:

Corollary 2.5. Assume that hypotheses of Theorem 2.3 hold. Let k : I-R be

measurable and assume thatZ
I

jkðxÞjw�2v�1ðxÞ dxoN:

(a) For a continuous function f on I satisfying (2.11),

lim
n-N

In½k; f � ¼ I ½k; f � :¼
Z

I

kðxÞf ðxÞ dx: ð2:12Þ

(b) For a continuous function f on I satisfying (2.11) and jjf 0w2jjLNðIÞoN;

lim
n-N

În½k; f � ¼ I ½k; f �: ð2:13Þ

(c) For a continuous function f satisfying (2.10) andZ
I

jkðxÞjw�2ðxÞ dxoN;

lim
n-N

Jn½k; f � ¼ I ½k; f �:

3. Lemmas

Convergence of interpolation is closely connected to bounds on orthogonal
polynomials and related estimates, which we recall now.

Proposition 3.1. Let wAA:

(a) For nX1;
jx1n=an � 1jtdn ð3:1Þ

and uniformly for nX2 and 1pjpn � 1;

xjn � xjþ1;nB
an

n
CnðxjnÞ: ð3:2Þ

(b) For nX1;

sup
xAI

jpnðxÞjwðxÞj1 � jxj=anj1=4Ba�1=2
n ð3:3Þ

H.S. Jung / Journal of Approximation Theory 120 (2003) 217–241 223



and

sup
xAI

jpnðxÞjwðxÞBa�1=2
n ðnTðanÞÞ1=6: ð3:4Þ

(c) Uniformly for nX1; 1pjpn; and xAR;

jljnðxÞjB
a
3=2
n

n
ðCnwÞðxjnÞð1 � jxjnj=an þ LdnÞ1=4

pnðxÞ
x � xjn

����
����: ð3:5Þ

(d) Uniformly for nX1; 1pjpn; and xAR;

jljnðxÞjw�1ðxjnÞwðxÞt1: ð3:6Þ

(e) Uniformly for uXC and j ¼ 0; 1; 2;

aj
uQðjÞðauÞBuTðauÞj�1=2: ð3:7Þ

(f) Let 0oaob: Then uniformly for uXC and j ¼ 0; 1; 2;

TðaauÞBTðabuÞ; aauBabu; and QðjÞðaauÞBQðjÞðabuÞ: ð3:8Þ

(g) Uniformly for nX2 and 1pjpn � 1;

1 � jxjnj=an þ LdnB1 � jxjþ1;nj=an þ Ldn ð3:9Þ

and so uniformly for nX2 and 1pjpn � 1

CnðxjnÞBCnðxjþ1;nÞ:

(h) Given any fixed r41;

aru

au

� 1B
1

TðauÞ
: ð3:10Þ

(i) Let 0oZo1: Uniformly for nX1; 0ojxjpaZn; and jxj ¼ as;

C1pTðxÞ 1 � jxj
an

� �
pC2 log

n

s
: ð3:11Þ

(j) There exists a constant e with 0oeo2 such that for nX1;

TðanÞt
n

an

� �2�e

: ð3:12Þ

(k) For 0ospto1;

t

s

� �TðsÞ
p

tQ0ðtÞ
sQ0ðsÞp

t

s

� �TðtÞ
: ð3:13Þ
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(l) For jxjp1;
Q0ðanxÞð1 � jxjÞ1=2tn=an: ð3:14Þ

Proof. (a) These follow from Corollary 1.2(a), (b) in [8], Corollary 1.4(i), (1.35) in
[9], and Corollary 1.3(a), (b) in [10].

(b) These follow from Corollary 1.4 in [8], Corollary 1.5(i), (ii) in [9], and
Corollary 1.4(a) in [10].

(c) It follows from the formula of ljn and Corollary 1.3 in [8], Corollary 1.5(iii) in

[9], and Corollary 1.4(b) in [10].
(d) It follows from Lemma 2.6(b) in [13], Lemma 12.2(b) in [9, p. 134], and

Theorem 1.2(b) in [12].
(e)–(f) For (b1) case, these follow from (b1) condition, Lemma 5.1(c), and Lemma

5.2(c) in [8]. Otherwise, these follow from part of Lemma 3.2 in [9] and Lemma 2.2
in [10].

(g) These follow from (11.10) in [8, p. 521], (10.12) in [9, p. 111], (9.9) in [10,
p. 265], and the definition of Cn:

(h) It follows from Lemma 5.2(c) in [8], Lemma 3.2(v) in [9], and Lemma 2.2(v) in [10].
(i) It follows from the proof of Lemma 2.4(c) in [4].
(j) For (b1) case, since TðxÞ is bounded, it follows from Lemma 5.2(b)

in [8]. Otherwise, it follows from Lemma 3.2(iii) in [9] and Lemma 2.2(viii) in [10].
(k) It follows from Lemma 5.1(b) in [8], Lemma 3.1(i) in [9], and Lemma 2.1(i) in

[10].
(l) We may assume x40: Then by (2.2)

n

an

¼ 2

p

Z 1

0

tQ0ðantÞffiffiffiffiffiffiffiffiffiffiffiffi
1 � t2

p dtX
2

p

Z 1

x

tQ0ðantÞffiffiffiffiffiffiffiffiffiffiffiffi
1 � t2

p dt

X
2

p
Q0ðanxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p
Z 1

x

t dt ¼ 1

p
Q0ðanxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p
: &

Lemma 3.2 (Lubinsky and Rabinowitz [14], Lubinsky [11]). Let wAA: Uniformly

for 1pkpn

p00
nðxknÞ

p0
nðxknÞ

����
����tQ0ðxknÞ:

Proof. By (3.7), (3.8), (3.11), and (3.13), it follows from Lemma 4.3 in [11] and
Lemma 5.3 in [14]. &

Let jðxÞAN be defined by

jx � xjðxÞ;nj ¼ min
1pkpn

jx � xknj; xAI :
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Lemma 3.3 (Damelin [1,2], Szabados [15]). Let wAA: Uniformly for xAI and for

1pkpn and nXN0;

Xn

k¼1
ke½jðxÞ�2;jðxÞþ2�

Dxk;n

jx � xk;nja
¼

Oða1�a
n Þ; 0oao1;

Oðlog nÞ; a ¼ 1;

Oð n
anCnðxÞÞ

a�1; a41:

8>><
>>:

Proof. It follows from Lemma 6 in [15, p. 108], Lemma 4.1 in [1, p. 235], and Lemma
3.2 in [2, p. 252]. &

We can now prove main estimates for our results.

Lemma 3.4. Let wAA and uðxÞ be an even and non-decreasing function.

(a) For large enough nX1 and xAI ;Xn

k¼1

Q0ðxknÞjx � xknjl2knðxÞw2ðxÞw�2ðxknÞu�1ðxknÞ

tðj1 � jxj=anj þ LdnÞ�1=2jjsnðxÞu�1jjLNðjxjpanð1þLdnÞÞ
an log n

n
:

(b) For large enough nX1 and xAI ;

Xn

k¼1

l2knðxÞw2ðxÞw�2ðxknÞt1:

(c) For large enough nX1 and xAI ;

Xn

k¼1

jx � xknjl2knðxÞw2ðxÞw�2ðxknÞtðj1 � jxj=anj þ LdnÞ�1=2 an

n
log n:

(d) For large enough nX1 and xAI ;

Xn

k¼1

F�1
an

n
ðxknÞjx � xknjl2knðxÞw2ðxÞw�2ðxknÞ

tðj1 � jxj=anj þ LdnÞ�1=2 an

n
log n

F�1
an

n

ðxÞ; jxjpa2n;

T1=2ðanÞ; jxjXa2n:

8<
:
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Proof. (a) For xAI ; by (3.1), (3.2), (3.6), and (3.9)X
kA½jðxÞ�2;jðxÞþ2�-½1;n�

Q0ðxknÞjx � xknjl2knðxÞw2ðxÞw�2ðxknÞu�1ðxknÞ

t
X

kA½jðxÞ�2;jðxÞþ2�-½1;n�
Q0ðxknÞ

an

n
CnðxknÞu�1ðxknÞ

t
an

n
jjsnðxÞu�1jjLNðjxjpanð1þLdnÞÞ

X
kA½jðxÞ�2;jðxÞþ2�-½1;n�

j1 � jxknj=an þ Ldnj�1=2

B
an

n
jjsnðxÞu�1jjLNðjxjpanð1þLdnÞÞðj1 � jxj=anj þ LdnÞ�1=2

and we have by (3.1)–(3.5), and Lemma 3.3,

X
ke½jðxÞ�2;jðxÞþ2�-½1;n�

Q0ðxknÞjx � xknjl2knðxÞw2ðxÞw�2ðxknÞu�1ðxknÞ

tja1=2
n pnðxÞwðxÞj2

an

n

X
snðxknÞu�1ðxknÞ

Dxkn

jx � xknj

tja1=2
n pnðxÞwðxÞj2

an

n
jjsnðxÞu�1jjLNðjxjpanð1þLdnÞÞ

X Dxkn

jx � xknj

tja1=2
n pnðxÞwðxÞj2

an log n

n
jjsnðxÞu�1jjLNðjxjpanð1þLdnÞÞ

tðj1 � jxj=anj þ LdnÞ�1=2 an log n

n
jjsnðxÞu�1jjLNðjxjpanð1þLdnÞÞ:

(b) For large nX1 and xAI ; by (3.6)

X
kA½jðxÞ�2;jðxÞþ2�-½1;n�

l2knðxÞw2ðxÞw�2ðxknÞt1:

Case 1: 0oxo1
2
; By Lemma 3.3, (3.2),(3.3), and (3.5),

X
ke½jðxÞ�2;jðxÞþ2�-½1;n�

l2knðxÞw2ðxÞw�2ðxknÞ

tja1=2
n pnðxÞwðxÞj2

an

n

X
CnðxknÞð1 � jxknj=an þ LdnÞ1=2

Dxkn

jx � xknj2

t
an

n

X Dxkn

jx � xknj2
t

1

CnðxÞ
t1:
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Case 2: 1
2pxpan

2
; By (3.2), (3.3), and (3.5),

X
ke½jðxÞ�2;jðxÞþ2�-½1;n�

l2knðxÞw2ðxÞw�2ðxknÞ

tja1=2
n pnðxÞwðxÞj2

an

n

X
CnðxknÞð1 � jxknj=an þ LdnÞ1=2

Dxkn

jx � xknj2

tð1 � jxj=anÞ�1=2 an

n

X
CnðxknÞð1 � jxknj=an þ LdnÞ1=2

Dxkn

jx � xknj2
:

Then

X
CnðxknÞð1 � jxknj=an þ LdnÞ1=2

Dxkn

jx � xknj2
:¼

X
jxknjoa2n

3

þ
X

jxknjXa2n
3

so we have by (2.4), (3.8), (3.10), and (3.11),

X
jxknjXa2n

3

t
1

TðanÞ

anð1 þ LdnÞ � a2n
3

ða2n
3
� an

2
Þ2

t
1

an

and by (2.4) and (3.9)

X
jxknjoa2n

3

B
X

ð1 � jxknj=an þ LdnÞ
Dxkn

jx � xknj2
t
Z x

*

0

þ
Z a2n

3

xn

1 � t=an

ðx � tÞ2
dt;

where x
*
:¼ xjðxÞþ1;n and xn :¼ xjðxÞ�1;n: Since by (3.9),

Z a2n
3

xn

1 � t=an

ðx � tÞ2
dtt

nð1 � xn=anÞ
anCnðxÞ

B
nð1 � x=anÞ

anð1 � x=anÞ1=2
t

nð1 � x=anÞ1=2

an

and by integration by parts,

Z x
*

0

1 � t=an

ðx � tÞ2
dtt

1

x
þ

nð1 � x
*
=anÞ

anCnðxÞ
þ 1

an

Z
1

x � t
dt

����
����

t 1 þ nð1 � x=anÞ1=2

an

þ log n

an

;

we have

X
ð1 � jxknj=an þ LdnÞ

Dxkn

jx � xknj2
t1 þ nð1 � x=anÞ1=2

an

þ log n

an

:
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Therefore, for 1
2oxpan

2
by (3.11) and(3.12),

X
ke½jðxÞ�2;jðxÞþ2�-½1;n�

l2knðxÞw2ðxÞw�2ðxknÞ

tð1 � jxj=anÞ�1=2 an

n
1 þ nð1 � x=anÞ1=2

an

þ log n

an

 !

t
anð1 � jxj=anÞ�1=2

n
þ 1 þ log n

n
T1=2ðanÞ

t1:

Case 3: jxjXan
2
; By (3.2)–(3.5),

X
ke½jðxÞ�2;jðxÞþ2�-½1;n�

l2knðxÞw2ðxÞw�2ðxknÞ

¼ ðj1 � jxj=anj þ LdnÞ�1=2 an

n

X
CnðxknÞð1 � jxknj=an þ LdnÞ1=2

Dxkn

jx � xknj2

:¼ ðj1 � jxj=anj þ LdnÞ�1=2
X

jxknjpan
3

þ
X

jxknjXan
3

0
BB@

1
CCA:

Then by (3.9)

X
jxknjpan

3

B
an

n

Z an
3

0

1 � t=an

ðx � tÞ2
dtt

an

n

1 � t=an

x � t

����
an
3

0

þ 1

an

Z an
3

0

dt

x � t

� �

t
an

n

1 � an
3
=an

x � an
3

þ 1

x
þ log an

an

 !
t

log an

n

and by (2.4), (3.11), and Lemma 3.3,

X
jxknjXan

3

t
an

nTðanÞ
X

jxknjXan
3

Dxkn

jx � xknj2

t
an

nTðanÞ
n

anCnðxÞ
tðj1 � jxj=anj þ LdnÞ1=2:

Then, we have for jxjXan
2
;

an

n

X
CnðxknÞð1 � jxknj=an þ LdnÞ1=2

Dxkn

jx � xknj2

t
log an

n
þ ðj1 � jxj=anj þ LdnÞ1=2:
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Therefore, for jxjXan
2
; by (3.11) and (3.12),

X
ke½jðxÞ�2;jðxÞþ2�-½1;n�

l2knðxÞw2ðxÞw�2ðxknÞ

tj1 � jxj=an þ Ldnj�1=2 log an

n
þ ðj1 � jxj=anj þ LdnÞ1=2

� �

t
T

1
3ðanÞ log an

n
2
3

þ 1t1:

So we have, for all xAI ;

Xn

k¼1

l2knðxÞw2ðxÞw�2ðxknÞt1:

(c) By (3.2)–(3.5), and Lemma 3.3,X
ke½jðxÞ�2;jðxÞþ2�

jx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tja1=2
n pnwðxÞj2 an

n

X Dxkn

jx � xknj

tja1=2
n pnwðxÞj2 an log n

n

tðj1 � jxj=anj þ LdnÞ�1=2 an log n

n

and by (3.2) and (3.6)X
kA½jðxÞ�2;jðxÞþ2�

jx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

t
X

kA½jðxÞ�2;jðxÞþ2�
jx � xknjt

an

n
CnðxÞ

t
an

n
ðj1 � jxj=anj þ LdnÞ�1=2:

Therefore, we have for xAI ;X
jx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tðj1 � jxj=anj þ LdnÞ�1=2 an log n

n
:
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(d) From Fan

n
ðxÞ ¼ j1 � jxj=anj1=2 þ T�1=2ðanÞ; we have F�1

an

n

ðxÞpT1=2ðanÞ for xAI :

Then for xAI and by (c),

Xn

k¼1

F�1
an

n
ðxknÞjx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tT1=2ðanÞ
Xn

k¼1

jx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tT1=2ðanÞðj1 � jxj=anj þ LdnÞ�1=2 an log n

n
:

On the other hand, we consider the case of jxjpan
2
: Then (cf. ðcÞ)

X
kA½jðxÞ�2;jðxÞþ2�

F�1
an

n
ðxknÞjx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tF�1
an

n
ðxÞ

X
kA½jðxÞ�2;jðxÞþ2�

jx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tF�1
an

n
ðxÞðj1 � jxj=anj þ LdnÞ�1=2 an log n

n
:

Since Fan

n
ðxÞBð1 � jxj=a2nÞ1=2 for jxjpanð1 þ LdnÞ; we have (cf. ðcÞ)

X
ke½jðxÞ�2;jðxÞþ2�

F�1
an

n
ðxknÞjx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tja1=2
n pnwðxÞj2 an

n

X
ð1 � jxknj=a2nÞ�1=2 Dxkn

jx � xknj

tðj1 � jxj=anj þ LdnÞ�1=2 an

n

X
ð1 � jxknj=a2nÞ�1=2 Dxkn

jx � xknj
:

Here,

X
ke½jðxÞ�2;jðxÞþ2�

ð1 � jxknj=a2nÞ�1=2 Dxkn

jx � xknj

t
Z x

*

0

ð1 � t=a2nÞ�1=2

x � t
dt þ

Z xnþanð1þLdnÞ
2

xn

ð1 � t=a2nÞ�1=2

t � x
dt

þ
Z anð1þLdnÞ

xnþanð1þLdnÞ
2

ð1 � t=a2nÞ�1=2

t � x
dt
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where x
*
:¼ xjðxÞþ1;n and xn :¼ xjðxÞ�1;n: Then for jxjpan

2
;

Z x
*

0

ð1 � t=a2nÞ�1=2

x � t
dttð1 � x

*
=a2nÞ�1=2

Z x
*

0

1

x � t
dt

t ð1 � x=a2nÞ�1=2 log n;

Z xnþanð1þLdnÞ
2

xn

ð1 � t=a2nÞ�1=2

t � x
dt

t 1 � xn

a2n

þ 1 � anð1 þ LdnÞ
a2n

� ��1=2Z xnþanð1þLdnÞ
2

xn

1

t � x
dt

tð1 � x=a2nÞ�1=2 log n

and

Z anð1þLdnÞ

xnþanð1þLdnÞ
2

ð1 � t=a2nÞ�1=2

t � x
dt

t
1

anð1 þ LdnÞ � x

Z anð1þLdnÞ

xnþanð1þLdnÞ
2

ð1 � t=a2nÞ�1=2
dt

t
�a2n

anð1 þ LdnÞ � x
ð1 � t=a2nÞ1=2

����
anð1þLdnÞ

xnþanð1þLdnÞ
2

t
a2n

anð1 þ LdnÞ � x
1 � xn

a2n

þ 1 � anð1 þ LdnÞ
a2n

� �1=2

t
a2n

an

1 � x

an

þ Ldn

� ��1

1 � xn

a2n

þ 1 � anð1 þ LdnÞ
a2n

� �1=2

Bð1 � x=a2nÞ�1=2:

Therefore,

Xn

k¼1

F�1
an

n
ðxknÞjx � xknjl2knðxÞw�2ðxknÞw2ðxÞ

tðj1 � jxj=anj þ LdnÞ�1=2 an log n

n

ð1 � x=a2nÞ�1=2; jxjpan
2

T1=2ðanÞ; jxjXan
2

8<
:

tðj1 � jxj=anj þ LdnÞ�1=2 an log n

n

F�1
an

n

ðxÞ; jxjpa2n

T1=2ðanÞ; jxjXa2n:

8<
: &
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4. Proofs

Proof of Theorem 2.2. From ðbÞ of Lemma 3.4,

jjHn1½f �ðxÞw2ðxÞjjLNðIÞ tjjfw2jjLNðIÞ
Xn

k¼1

l2knðxÞw�2ðxknÞw2ðxÞ
�����

�����
�����

�����
LNðIÞ

t jjfw2jjLNðIÞ

from Lemma 3.2 and ðaÞ of Lemma 3.4,

jjHn2½f �ðxÞw2vðxÞjjLNðIÞ

tjjfw2ujjLNðIÞ
Xn

k¼1

Q0ðxknÞjx � xknjl2knðxÞw�2ðxknÞw2ðxÞu�1ðxknÞvðxÞ
�����

�����
�����

�����
LNðIÞ

tjjfw2ujjLNðIÞAn

and from ðcÞ of Lemma 3.4,

jjHn3½f 0�ðxÞw2vðxÞjjLNðIÞ

tjjf 0w2jjLNðIÞ
Xn

k¼1

jx � xknjl2knðxÞw�2ðxknÞw2ðxÞvðxÞ
�����

�����
�����

�����
LNðIÞ

tjjf 0w2jjLNðIÞBn:

Therefore, we have (2.5), (2.6), and (2.8) and from (1.2) and (1.3), we have (2.7) and
(2.9). &

Lemma 4.1. Let wAA: For any polynomial RAP2n�1 with n large enough, we have

jjðRðxÞ � Hn½R�ðxÞÞw2vðxÞjjLNðIÞtjjR0w2jjLN
Bn:

Proof. For any polynomial RAP2n�1 and xAI ; from ðcÞ of Lemma 3.4,

jðR � Hn½R�ðxÞÞw2vðxÞj

¼
Xn

k¼1

ðx � xknÞl2knðxÞR0ðxknÞw2ðxÞvðxÞ
�����

�����
p
X

jx � xknjl2knðxÞjR0ðxknÞjw2ðxÞvðxÞ

pjjR0w2jjLN

X
jx � xknjl2knðxÞw�2ðxknÞw2ðxÞvðxÞ

tjjR0w2jjLN
ðj1 � jxj=anj þ LdnÞ�1=2

vðxÞ an log n

n
: &
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Proof of Theorem 2.3. For xAI and large enough n; by (2.3), (3.11), and (3.12),

ðj1 � jxj=anj þ LdnÞ�1=2
vðxÞ an log n

n

t
TðanÞ1=2 an log n

n
; jxjpan=2

T1=3ðanÞðan

n
Þ2=3 log n; jxjXan=2

(

toð1Þ

and

ðj1 � jxj=anj þ LdnÞ�1=2
vðxÞjjsnðxÞu�1ðxÞjjLNðjxjpanð1þLdnÞÞ

an log n

n

tðj1 � jxj=anj þ LdnÞ�1=2
vðxÞ an log n

n
¼ oð1Þ:

Therefore, for large enough nX1; An ¼ oð1Þ and Bn ¼ oð1Þ: For a given e40; there
exists a polynomial RðxÞ such that (cf. [5, p. 180])

jðf ðxÞ � RðxÞÞw2uðxÞjoe:

Then for large n40; we have from Lemma 4.1 and (2.7),

jjðf ðxÞ � Hn½f �ðxÞÞw2vðxÞjjLNðIÞ

pjjðf ðxÞ � RðxÞÞw2vðxÞjjLNðIÞ þ jjðR � Hn½R�ðxÞÞw2vðxÞjjLNðIÞ

þ jjHn½f � R�ðxÞw2vðxÞjjLNðIÞ

tðAn þ 1Þjjðf � RÞw2ujjLNðIÞ þ jjR0w2jjLN
Bn;

teþ oð1Þ; ð4:1Þ

from (1.3), (2.8), and (4.1),

jjðf ðxÞ � Ĥn½f �ðxÞÞw2vðxÞjjLNðIÞ

pjjðf ðxÞ � Hn½f �ðxÞÞw2vðxÞjjLNðIÞ þ jjĤn3½f 0�ðxÞw2vðxÞjjLNðIÞ

teþ oð1Þ þ jjf 0w2jjLN
Bn

teþ oð1Þ;

and from (2.5),

jjðf ðxÞ � Hn1½f �ðxÞÞw2ðxÞjjLNðIÞ

pjjðf ðxÞ � RðxÞÞw2jjLNðIÞ þ jjHn1½f � R�ðxÞw2ðxÞjjLNðIÞ

tjjðf � RÞw2jjLNðIÞ

te:
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Therefore, we have

lim
n-N

jjðf ðxÞ � Hn½f �ðxÞÞw2vðxÞjjLNðIÞte;

lim
n-N

jjðf ðxÞ � Ĥn½f �ðxÞÞw2vðxÞjjLNðIÞte

and

lim
n-N

jjðf ðxÞ � Hn1½f �ðxÞÞw2vðxÞjjLNðIÞte:

Since e is arbitrary, we have the results. &

Proof of Theorem 2.4. Let R be any polynomial of degree p2n � 1: From (d) in
Lemma 3.4, for xAI

jðRðxÞ � Hn½R�ðxÞÞw2ðxÞj

¼
Xn

k¼1

ðx � xknÞl2knðxÞR0ðxknÞw2ðxÞ
�����

�����
p R0ðxÞFan

n
ðxÞw2ðxÞ

����
����

����
����
LN

X
jx � xknjF�1

an

n
ðxknÞl2knðxÞw�2ðxknÞw2ðxÞ

t
an

n
jjR0Fan

n
w2jjLN

ðj1 � jxj=anj þ LdnÞ�1=2
F�1

an

n

ðxÞ; jxjpa2n;

T1=2ðanÞ; jxjXa2n:

8<
:

Since for jxjpanð1 þ LdnÞ; by (2.4),(3.7), and (3.14),

jsnðxÞj ¼ jQ0ðxÞCnðxÞj1 � jxj=an þ Ldnj1=2j

t
Q0ðxÞð1 � jxj=anÞ; jxjpan

2

Q0ðxÞ 1
TðanÞ; an

2
pjxjpanð1 þ LdnÞ

8<
:

t
n

an

Fan

n
ðxÞt n

an

;

we have for xAI ;

jHn½f � R�ðxÞw2ðxÞjtjjðf � RÞw2jjLNðIÞ

þ jjðf � RÞw2jjLNðIÞðj1 � jxj=anj þ LdnÞ�1=2jjsnðxÞjjLNðjxjpanð1þLdnÞÞ
an log n

n

tjjðf � RÞw2jjLNðIÞð1 þ ðj1 � jxj=anj þ LdnÞ�1=2 log nÞ

tjjðf � RÞw2jjLNðIÞ 1 þ ðj1 � jxj=anj þ LdnÞ�1=2 log n
F�1

an

n

ðxÞ; jxjpa2n

T1=2ðanÞ; jxjXa2n

8<
:

0
@

1
A:
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Therefore, we have for xAI

jðf ðxÞ � Hn½f �ðxÞÞw2ðxÞj

pjðf ðxÞ � RðxÞÞw2ðxÞj þ jðR � Hn½R�ðxÞÞw2ðxÞj þ jHn½f � R�ðxÞw2ðxÞj

t jjðf � RÞw2jjLNðIÞ þ
an

n
jjR0Fan

n
w2jjLN

� �

� 1 þ ðj1 � jxj=anj þ LdnÞ�1=2 log n
F�1

an

n

ðxÞ; jxjpa2n

T1=2ðanÞ; jxjXa2n

8<
:

0
@

1
A

tK1;2n�1;N f ;w2;
an

n

� �

� 1 þ ðj1 � jxj=anj þ LdnÞ�1=2 log n
F�1

an

n

ðxÞ; jxjpa2n

T1=2ðanÞ; jxjXa2n

8<
:

0
@

1
A: &

Proof of Corollary 2.5.

jI ½k; f � � In½k; f �jp
Z

I

jkðxÞðf � Hn½f �Þj dx

p jjðf � Hn½f �Þw2vðxÞjjLNðIÞ

Z
I

jkðxÞjw�2ðxÞv�1ðxÞ dx

t jjðf � Hn½f �Þw2vðxÞjjLNðIÞ:

By Theorem 2.3, we have the result for In½k; f � and by the same process, we have the

results for În½k; f � and Jn½k; f �: &

5. Applications: F; E1; and EXP cases

5.1. Freud weight case

We consider Freud weights w :¼ expð�QÞ where Q :R-R is of polynomial
growth at infinity.

Definition 5.1. Freud class F: Let wAA on I ¼ R and suppose that there exist A41
and B41 such that

ApTðxÞpB; xAI þ : ð5:1Þ

Then we write wAF:
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A typical example of the Freud weights is

waðxÞ :¼ expð�jxjaÞ; a41; xAR:

Specially, the case of a ¼ 2 is the Hermite weight.

Proposition 5.2. Let wAF: If A and B are the same as in (5.1), then

u1=Bpau=a1pu1=A; uA½1;NÞ: ð5:2Þ

Proof. This is Lemma 5.2(b) [8, p. 478].

Corollary 5.3. Let wAF: Let uðxÞ :¼ ð1 þ jQ0ðxÞjÞ and vðxÞ ¼ ð1 þ jxjÞ�ð1�2a
3
Þ

with

aominfA; 3=2g; where A is the same as in (5.1). Then for a continuous function f on R

with (2.11) we have

lim
n-N

jjðf ðxÞ � Hn½w2; f �ðxÞÞw2vðxÞjj ¼ 0

and for a continuous function f on R satisfying (2.11) and jjf 0w2jjoN;

lim
n-N

jjðf ðxÞ � Ĥn½w2; f �ðxÞÞw2vðxÞjjLNðIÞ ¼ 0:

Moreover, (2.12) and (2.13) hold under these assumptions.

Proof. Since for jxjpanð1 þ LdnÞ; by (2.4),

jsnðxÞu�1ðxÞjBCnðxÞj1 � jxj=an þ Ldnj1=2t1

and for xAR and 0obo1; by (3.7), (5.1), and (5.2),

ðj1 � jxj=anj þ LdnÞ�1=2
vðxÞan log n

n

¼ ðj1 � jxj=anj þ LdnÞ�1=2

ð1 þ jxjÞ1�
2a
3

an log n

n

t
an log n

n
jxjpabn;

ðaan
n
Þ
2
3 log n jxjXabn;

8<
:

t
n

1
A
�1 log n jxjpabn;

nða
A
�1Þ 2

3 log n jxjXabn

8<
: ¼ oð1Þ;

we have An ¼ oð1Þ and Bn ¼ oð1Þ for large enough n: Then we have the results by the
same process as in the proofs of Theorem 2.3 and Corollary 2.5. &
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5.2. Erdös weight case

We consider Erdös weights w :¼ expð�QÞ where Q :R-R is even and is of faster
than polynomial growth at infinity.

Definition 5.4. Erdös class E1: Let wAA on I ¼ R and suppose that TðxÞ is
increasing in Iþ ¼ ð0;NÞ with

lim
x-N

TðxÞ ¼ N; Tð0þÞ :¼ lim
x-0þ

TðxÞ41:

Moreover, if we have

TðxÞpCðQðxÞÞe; x-N ð5:3Þ

for some positive constant C independent of x; then we write wAE1:

The archetypal examples of wAE1 are

(1) wk;aðxÞ :¼ expð�expkðjxjaÞÞ; xAR;

where a40; k is a positive integer, and expkð Þ ¼ expðexpðexpð?ÞÞÞ denotes the kth
iterated exponential.

(2) wA;BðxÞ :¼ expð�expðlogðA þ x2ÞBÞ; xAR;

where A is a fixed but large enough positive number and B41:
For example for wk;a;

TðxÞ ¼ Tk;aðxÞ ¼ a 1 þ xa
Xk

l¼1

Yl�1

j¼1

expjðxaÞ
" #

; xX0

and so (2.1) and (5.3) hold in the stronger form,

lim
jxj-N or 1

TðxÞ xQ0ðxÞ
QðxÞ

� �
¼ 1;

�
lim

x-N

TðxÞ
½
Qk

j¼1 logj QðxÞ�
¼ a:

Proposition 5.5. Let wAE1: Let e40: Then

anpCne and TðanÞpCne; nX1: ð5:4Þ

Proof. This is Lemma 2.4 in [4].

Corollary 5.6. Let wAE1: Let uðxÞ :¼ Q0ðxÞD with D41
3

and vðxÞ ¼ 1: Then for a

continuous function f on R with (2.11) we have

lim
n-N

jjðf ðxÞ � Hn½w2; f �ðxÞÞw2vðxÞjj ¼ 0
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and for a continuous function f on R satisfying (2.11) and jjf 0w2jjoN;

lim
n-N

jjðf ðxÞ � Ĥn½w2; f �ðxÞÞw2vðxÞjjLNðIÞ ¼ 0:

Moreover, (2.12) and (2.13) hold under these assumptions.

Proof. Since for jxjpanð1 þ LdnÞ; by (2.4), (3.7), and (5.4),

jsnðxÞu�1ðxÞjBQ0ðxÞ1�DCnðxÞj1 � jxj=an þ Ldnj1=2

t
n

an

� �1�D

T
1
3ðanÞtn

1�D
2

and for xAR and 0obo1; by (3.10) and(5.4),

ðj1 � jxj=anj þ LdnÞ�1=2an log n

n
t

anT1=2ðanÞ log n
n

; jxjpabn

anT
1
3ðanÞ log n

n
2
3

; jxjXabn

8>><
>>:

t
anT

1
3ðanÞ log n

n
2
3

tn�1=3;

we have Antn
1
2
ð1
3
�DÞ ¼ oð1Þ and Bntn�1

3 ¼ oð1Þ for large nX1: Then we have the
results by the same process as in the proofs of Theorem 2.3 and Corollary 2.5. &

5.3. Exponential weight on ð�1; 1Þ case

Definition 5.7. Class of exponential Weights on ð�1; 1Þ EXP: Let wAA on I ¼
ð�1; 1Þ and suppose that TðxÞ is increasing in ð0; 1Þ with

lim
x-0þ

TðxÞ41

and that for some A42 and x close enough to 1;

TðxÞX A

1 � x2
:

Then we write wAEXP:

The archetypal examples of wAEXP are

w0;aðxÞ :¼ expð�ð1 � x2Þ�aÞÞ; a40; xAð�1; 1Þ

or

wk;aðxÞ :¼ expð�expkð1 � x2Þ�aÞÞ; kX1; a40; xAð�1; 1Þ:
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Corollary 5.8. Let wAEXP: Let uðxÞ :¼ ð1 þ jQ0ðxÞjÞDT1=3ðxÞ with D41
3

and vðxÞ ¼
T�1=3ðxÞ: Then for a continuous function f on ð�1; 1Þ with (2.11) we have

lim
n-N

jjðf ðxÞ � Hn½w2; f �ðxÞÞw2vðxÞjj ¼ 0

and for a continuous function f on ð�1; 1Þ satisfying (2.11) and jjf 0w2jjoN;

lim
n-N

jjðf ðxÞ � Ĥn½w2; f �ðxÞÞw2vðxÞjjLNðIÞ ¼ 0:

Moreover, (2.12) and (2.13) hold under these assumptions.

Proof. Since for jxjpanð1 þ LdnÞ; by (2.4), (3.7), and anB1;

jsnðxÞu�1ðxÞjBQ0ðxÞ1�D
T�1

3ðxÞCnðxÞj1 � jxj=an þ Ldnj1=2

t n1�D

and for xAð�1; 1Þ and 0obo1; by (3.10)–(3.12),

ðj1 � jxj=an þ LdnÞ�1=2
vðxÞ an log n

n
¼ðj1 � jxj=an þ LdnÞ�1=2

T�1
3ðxÞ an log n

n

t
T
1
6ðanÞ log n

n
jxjpabn;

log n

n
2
3

jxjXabn;

8><
>:

t
log n

n
2
3

;

we have Antnð1
3
�DÞ log n ¼ oð1Þ and Bntn�2

3 log n ¼ oð1Þ for large nX1: Then
we have the results by the same process as in the proofs of Theorem 2.3 and
Corollary 2.5. &
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